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TWO NEW4 APPRQACHES TO FACTOR ANALYSIS

This project has been concerned during the past year with elaborating
and empirically testing some new approaches to the problem of factor
analysigs. Three kinds of content have been studied:

(a) mental ability tests
(b) personality schedules and ratings
(c) attitude questionnaires

With respect to contents of types (a) and (b) above, tables of producte
moment correlations were culled from those published in the scientific
literature, Many of these had already been subjected to older types of
factor analyses (usually in the sense of Thurstone), The work of the
project was to analyze (or re-analyze) these data according to the new
apprcach called that of the radex.

With respect to the attitudinal data (c) above, all the available tabula-
tions from all the researches of the Israel Institute of Applied Social
Research were scrutinized, and those that seemed most appropriate on
certain a priori grounds (to be described below) were selected for an
intensive new type of analysis, These tabulations were unpublished, and
indeed are of the type that are rarely published —— even in the most
extended reports -- by research organizations, since they are so bulky
and deal with what are usually considered too minute details.

The bagic attitudinal tabulations needed are the complete scatterg-am of
one scale against another, with around ten distinct ranks (scores or
intervals) for each scale separately. A further requirement is that the
total sample be large enough so that each rank have an average of not
much less than ons hundred cases, A further and crucial desideratum is
that each scale separately be unidimensional in the scalogram sense, so
that it have psychologically meaningful principal components. It is the
polytone and multivalued relationship among attitudes -- as theoretically
generated when they have a principal component in common -~ that was
studied empirically in this part of the project.

A major technical difference here between the new factor theories, then,
is that the radex was studisd only with respect to variables whose mutual
regressions were supposedly linear (hence univalued and monotone), and
where in particular product-moment correlations were sufficient parameters,
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This type of relationstip seeas to hwld among scores on current mental

tests, . In contrast, a findamental peint of d«suarture our pmject riakes

with respect to attituds data is that it rejasts the hypothesis of
linearity —- or more generally of manoterdcity-and single-valuedness,
Ir effect, our projectts findings support clinical psychologists'
objections to the use of conventicnal statistical techniques in trying
to study the structure of attitudes, or to find out what attitudes have
in commen, Our empiricsl results verify that in many cases pelytone
and multivalued regression systems hold between two different scalable
attitudes.. This has been predicted by the scalogram theory, end is new
amply verified- emplncall*' (for the first’ tlma) in the present project.
Complete scattergrams are nsedsd for this purposaes correlation coef-
ficients and the like are often werse than useless (they are usually
close taszoro;,, i@r—tqey u.’h‘%‘&}‘adt sttenbion from the more fundamantal
aspects of multivaluednes:

The begi:m:ings of*the/theu:ry of - *he radex was develﬁped by the project

cases of the si 'lﬁx«aﬁd—_tgw leuﬁl-x ‘J;ex. ’I‘h'}:s theory “Wa3 presented
orally by him in @ Jecturs tour of - ead irg Ame,yican universities in the
spring of 1951, ley two. 0¥ thres- fai:rly good empirlcal examples of
simplexes were available ther, s and. oﬁly\ one - (somawhat dubious) enmpirical
example of a cirsimplex,

The present ONR project began actuzl work in Jenuary, 1952, and has
steadily discoversd-example.af ter emple' us sted simplexes and
circumplexes. The ter radex_ was invented ._middlo of the project
in order to help cencretize The full ocutline that was- ‘emerging from the
work,

Halfway through the: pro:}ect, the Director had occasion to write a rather
detailed exposition of both ‘the theory and empirical verification of
radex theory, This was nominally to be only a written version of his
previous oral lectures in the United States, .In fa.ct, it is an almost
compleiely new, and greatly ‘expanded, presentatiss, based on the em=
pirical materials already completed to that time b-y the present project,
This monograph of over,100 manuscript pages will appear in the fall of
1953 in a volume edited by Paul F. Lazarsfeld, entitled Mathematical
E% in the Social Sciences, and will constituto the first scientific
publication reswulting from this project. Some extensions of the theory
prssented there are already necessary, as will be indicated in the present
report.

The multivalned relaticnships among atiibudes require an entirely new
departure in computing technijues, No existing methods of detsrmining
re.gressions are appropriate, since they all assume single-valuedness in
t least one direction, Over half of the project, in thisz directiom,
was spent in trying to perfect the theory and practice of computing,
Aftsr laborious exploraticns into numercus blind alleys, two standard
and complementary computing procedures emerged. Neither by itself is
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sufficient for all occasions. It seems that it can be argned on theoretical
(purely mathematical) grounds that no one computing system will succeed
under any and all circumstances. The pair of procedures we have developed
are quite workable in practice, and seem quite safs, especially when one

is used to check the other. One is called the technique of quantiles,and
the other of latent vectors. They tackle the problem in an entirely dif-
ferent manner from each other,

The second of the computing procedwes requires latent vectors (and
roots) of certaia matrices. Our matrices are of larger order than those
usually handled by physicists and others who do gimllar computing work
in practice on matrices, Existing numerical procedures even for this
standard problem of physicists and mathematicians proved too laborious
for our data, An excessive amount of labor and time was needed to get
even the simplest mumerical answer for only one of our cross-tabulated
attitudes, The Project Director was able finally to develop new procedures
for computing latent roots and vectors which ssem far more rapid than any
as yet available, These will be published in the Annals of Mathemalical
Statistice in a paper by Louls Guttman entitled: "New Direct and
TCerative Techniques for Computing Latert Vectors and/or Roots®. This
will be the second scientific publication resulting from this project.
While this particular paper has no direct sociological or psychological
content, its results were essential for effective furtherance of an
important development of the attitudinel part of the project.

The ONR may find it useful to call attention of this paper on latent
vectors and roots not only to those associated with the Human Relations
Branch, but also to other branches - sspecially in physics, chemistry,
applied mathematics, and computing -- where the same type of numerical
problen arises and whare the new computing procedures of our paper may
prove helpful,

In the next part of this report, we shall sumarize the year's findings
with respect to the radex approach to factor analysis. The following
part will similarly summarize the year's findings with respect to inter-
attitude relationships. The three Appendicesz state, respectively, the
original purposs of the project, the personnel employed, and the break-
dowa of costs for the entire year,

Much of the data amalyzed in this project lend themselves already to be
written up in formal fashion for scientific publication. A series of
articles is being plunned for gubmission to the sclentific literature,

The problem is also being weighed whether to write a full-length mono-
graph on the radex, to comriement that already in press. This will depend
in part on the extsngion of the project to a second ysar. The first year
has made quite clear the fact that further fundamental progress in this
direction of factor analysis requires assembling original data designed
directly tc test the radex theory, Dsta publighed in the literature have
now been usesd to the extent they can be for this purposs, buat they are not
fully adequate for the complete picture, giving culy parts a bit at a tinme,

-3 =
f!a’i’ Inc.




In an extension tc 2 second year, it would be highly desirable to reas—-
sexble a comprehensive battery of memtal tests, accordimg to the stream-
liming made possible by radex theory, and administer it to large samples
of different age groups. This would ensble & fuil and direct test of
radex theory as & whols, instead of simpisxes and cireumplaxes separately
as in the past year's work, and simultaneously provide the parsimoneous
batteries for practical prediction use according to the powerful predictive
properties of the radex structure.

Reasults of the Project with Respect

to the Radex

1., Perhaps the most ifmportant finding of the project is that it providee
ample empirical evidence, vm the basis of meterisls assembled Ly other
investigators with other purpcses in mind, that the radex appreach te
Tactor analysis is appropriate for many fields of memtal testing, amd
some aspects of personality assessxent, It gives 2 pichiure of the func—
tionsl nature of the interrslationshipe amorg different abllitles

traits, in a manner not made pessible by previous approaches,

The conveaticzail multivle cormon factor approaches of Thurstome, Burt,
and others usually pesit that a relatively small mumber of commorm-factors
can explain the observed intercerrelatisns of test data., From the
statistical techniques used to estimate these hypsethesized common-facters;
it is clear that they are (im the limit) but arithmetic avsrages of the
observed tests (cf. Louis Guttmam, "Multiple Group Methods for Coumen—
Facter Amaiysis: Thelr Basis, Computation, and Interpretatiom,*
Pesychemetrika, Jume, 1952,17:209=-222), In these theorios, Jjust. as the
%553 are Fﬁ;therlzod to be weighted sums ef the factors, just so ars
the factors essentially weighted sums of the tests. Therefore, in a
sense, the common-factors of t4ess theories are on the same level as the
tests,

It is not customary in science to "explain" phenomena by means of phemom-
eza on the same level, but an explanstion on a lower level 1s zeught,
Thus, "water” is explained by "hydrogen" and "oxygen®, but neither of
the latter elemente is a function in turn of the compound "water®,

In radex theory, it is not hypothesized that a small number of conmon=
factors exists that can be determined 2e sveragss of tesis., Instead,
i1t assumes indefinitely meny (for convenience, even contimuatior of)
common-factors to operate in a tesi battery, whizh wunder certaia cir-
cumstances give rise to orderly srrangements among test inter-ccrrela-
tions. These orderly arrangements are observable without any specific
theory as to the nature of the comon~facters, and without any calcula-
+iong gimed at "locating® the commor~lacters,.

T
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The general theory of the radex has been described in the monograph re-
sulting largely from thig project (Louis Guttman, "A New Approach to

Factor Analysis: The Radex,™ in Paul F. Lazarsfeld, Mathematical Thinking

in the Social Sciences, in press), with special emphssis on two particu-
Yarly simple order systems: the simplex and the circumplex.

One of the surprises of the projectt!s results is the relatively large
number of approximate simplexeas and circumplexes found in the existing
scientific 1literature, The simple order patterns to be found in their
data have been overlooked apparently by all previous investigators.

2 A corvllary of the finding that many empirical data do conform te
radex thecry is that future testing programs can be mace more efficient
for prediction purposes and at the same time more economical, Smaller
batteries of tests can be designed according to the observed order nate
terns, and yleld better predictions than existing non-order.d batterles,
To achieve this goal, of course, requires research outside the scope of
the first year's work of this project, but the work completed to date is
empirical evidence that the goal is very aoproachable,

3. A brief description of radex theory is given by the following quota-
tion from the monograph in press:

"A set of variables whose intercorrelations conform to
the general order pattern prescribed by the new theory
will be called a radex. This is a word designed to
indicate a 'radical sxpangion of complexity!,

"Ivwo distinct notions are involved in a radex, One is
that of a difference in kind between tasts, and the
other is that of a difference in degres, Each of these
notions will give rise to a separate concept of order
among tests, sc that a radex is ultinztely at least a
doubly-orderea system, In this monograph, we shall
treat only the simplest case of the radex which can be
completely portrayed by a simple, two-dimensional dia-
gram, The empirical evidence thus far - as I shall
exhibit shortly —— shows that mental test data can be
surprisingly well accounted for by such a diagram,

"Within all tests of the same kind, say of numerical
ability, differences will te in degree, We shall see
that addition, subtractinon, multiplication, and division
d.ffer among themselves largely in the degree of their
complexity. Such a sat of variables will be called a
simplex, It possesses a simple order of complexity,

The tegts can be arranged in a simple rank order fronm
leagt complex to most complex,
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"Correspondingly, all tests of the same degree of com-
rlexity will differ among themselves only in the kind
of ability they define, We shall postulate a law of
order hera too, but one which is mot from 'least to
‘most! in any sense. It is an order which has no be=-
ginning and no end, namely, a circular order, A set
of variables obeying such a law will be called a
circumplex, to designate a !circular order of complexityl!,
Our empirical data will testify that different abilities
such as verbal, numerical, reasoning, etc. co tend to
have such an order among themselves.

SERHEASTES
oy
»

*In the more general case, tests can differ among them-
selves simultaneously both in degree and in kind of
complexity, and the general structure here is the
radex, Thus, within a radex, one caz usually isolate

exes by keeping the content of the abilities con-
stant and by varying the degree of complexity; and one
can also usually isolate circumplexes by keeping degree
of complexity constant and them varying the content,

*In practice, in this present first effort, we must beginm
without knowledge of the ultimate map of the radex. Se
we begin by studying separatesly defimed miverses of
content and see if each is an approximate simplex. Thez

{ by selecting one test from each umdverse, ws ses if a
: circuaplex emerges. This monograph is devoted to givimg
examples of this procedure. Om a later occasion, when
some current empirical work on the radex is complsted,
I expect to present a fairly detailed radex map of
certain human abilities,
"A powerful feature of a simrlex structure is its immediate
use for prediction purposes. The same holds for a circum=
plex structure, us well 23 for the mcrs general radex,
This feature seems largely lacking in previous theories
of factor analysis. Radex theory opens a clear path te
better predictions with less tests."
4. The practical procedurs used in this project to test a given set of
data to see if they form a simplex is i1llustrated by the following example,
This example is 218c 2z highly practicsl one for showing how to gat betier
predictions =~ and with less work — than are being obtained at presemt
from an intermationally popular current test battery.,
Radex theery has recently interested the Psychological Testing Unit of
the Israsl Defence Army. At the December, 1952, anmual national meetings
of the Israsl Psycholcgical Assoclation, Mr. K. Reuben Gabriel reported
the fellowing results from the Unit's data. Raven's Progressive Matrices
1’) - -
.‘ - 6 -
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Test,; consisting of five subtests, was administered to 830 male and female
recruits to the Israel Amy, The correlations among the subtests were
found to be in the following Table 1:

Table 1

Correlations a.ong the Five Subtssts of
Raven's Progresgive Matrices
¥or 830 Male and Female Recruits to the

Israel Defence Army

Subtest A B c D E
A 1,00 57 53 A7 .32
B 57 1,00 6L .5k .35
C 53 6L 1,00 .66 .39
D N7 .5k .66 1,00 52
E .32 .35 <39 .52 1,00

These correlations show the typical order pattern of the simplex, The
largest correlations are next to tiie main diagornal, and taper off towards
the northeast and southwest corners of the Table, Such tapering alons,
however, is not sufficient to prove the existence of a simplex, The next
sep 18 to compute the matric inverse of the correlation matrix in Table
1, showa in Table 2,
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Table
The Inverse Correlation Matrix of

That, iz Table 1

Subtest A B c D E
A 1.62 =057 -3k =o19 =09
B . 1,97 S5 -2 -.09
C - =u3L -~ 75 2,26 =589 =05
D -.19 =oP6 =89 2,11 -o56
E =009 =09 -oCE ~e59 1.38

In the perfect simplex, the inverted corrzlation matrix must always show
pogitive numbers (greater-than wnity) in the main diagonal, negative
numbers in each diagonal adjacent tc the main cne, and zeros everywhere
else, In practice, one expects only quas'-;-q-lmn" exes and not perfect
ones; In practice, then, in place of zeros in all cells that are two or
more steps removed from the main dlagonal, one should expect a rapid
tapering off toward zero., This is what Table 2 shows,

The third step in studying the structure of the data is to compute the

multiple regression weights for predicting =ach variate from the remain-
ing ones in the set, with results as shown in Table 3,
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Table 3
Multiple Regression Weights for Predicting Each Subtest

in Table 1 from the Four Remaining Ones

Multiple
Subtest Subtest Predictor Correlation
Criteriom =3 B ¢ D —F —— Coefficient
A - .35 .21 .12 .OS .619
B .29 o= 038 013 ooh o?w
c 15 033 - 39 <02 U7
D 009 012 ohz .. 028 0725
E .06 06 0L o3 - 526
|
{..“ The entries of Table 3 are obtained from the corresponding ones of Table
7 2 merely by dividing each entry of Table 2 by the main di:gonal element
of the same row, snd reversing the algebraic sign. The main diagonzal of
1 Table 3 1s left blank, since a variable is not used to predict itselr,
) The multiple correlatior. coefficient for the jth variable is computed by
the formula:

VI=T aj
where dy is the ,th diagonal element of Table 2 (or of the inverse matrix),
and the results have been recorded in the last c>lum of Table 3.

Table 3 shows directly the economy inherent in the predictive powers of
a simplex. In a perfect simplex, all regressions weights would be zere
except for two variates: the one immediately preceding the variate to
be predicted and the one immediately following this variate. Four (or
more) preuictors are no better than the best two, and the best two are
alvays the closest neighbors to the variate im question, For example,
subtest C is essentially as predictable from oniy B and D as it is from
A, B, D, and E all tcgather,

Perhaps more striking is the fact that sutbtest E is as predictable from
D slme as from A, B, C, and D all together. An end test in a simplex
can have but one best neighbor instead of two, and its simple correlation
witn this neighbor must be essentially equal to its multiple correlatiom
on all the remaining variables in the simplex, Subtest E here correlates

g
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«52 with its best neighbor D, according to Table 1, It has substantial
and significant correlations with the remaining three subtests, but the
latter add nothing to the —wltiple regression (last line of Table 3) in
addition to D; the multiple correletion is 526, which does not differ
significantly from the simple ccrrelation .52, Similarly, the first sub-
test A correlates .5 with its closest neightor B, and haa a multipl
correlation of only .619 (Table 3) on 2, C, D, and ¥ combined,

If the simplex contained a million variates and not just five, the same
parsimonious regressions would held, 1Its two clcsest neighbors alone
will give essentially as good a prediction of a particular member of the
simplex as will all the million (minus e criterion) combined,

The same parsimony will tend *4c hoid true with respect to predicting a
criterion outside the simplex, Barring certain exceptional circumstances,
an outside criterion will usually tend to have its regression weights on
the variates of a simplex fcliow the same law of neighboring, since these
weights also depend largely on ithe inve:se of the simplex correlation
matrix as well as on the correlzbions of the criterion with the simplex
variater separately,

La, The conclusions ~f the Israel Defence Army, therefore, are that for
most efficient use, the Raven's subtests should be scored and used separ-
ately. If their total score should be used instead, this must necessarily
correlate very highly with the iniddle subtest C, and in general will pre-
dict no criterion better than will subtest C alone, That is, if only a
single all-purpose score must be used, subtest C alane is in general just
as good as the total score on all five subtests, and of course, is just
one=fifth as difficult to administer, Time and money can be saved by
uging only subtest C in practice, with no essential loss of predictability,
if only one overall score is to be obtained from the five subtesis,

(That the sum or average of the variates of a simplex must correlate
highly with one of the variates of intermediate order is a general theorenm.
The Israel Army did not make this calculation, u.t from Table 1 it can be
computed that the correlation of subtest C with the total is .83, The
simple correlations of subtect C with outside criteria can be expected to
resemble even more closely those of the total score with the selfsame
eriteria than this .83 might indicate by itself, for the pattern of almost-
zero entries in Table 2 also militates to bring about such a gimilarity,)

4b. A seccud conclusion is thal, while subtest C by itself is as good in
general for predictive purposes as 1s the sum of all five subtests, never=
theless for particular purposes one or two of the other subtests may be
even better than either C or the total scors, For example, if a criterion
requires a low level of ccmplexity of the ability studied by these tests,
then it will correlate highest with subtest £, and will h ave successively
decreaging correlations with the remaining subtests, This can be checked
empirically for any given c:riterion, Then subtest A alone will yield

- 10 -
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essentially the same correlation with the criterion as will the multiple
regression on all five subtests, and this is in general a higher correla-
tion than can be given by the total score on all subtests. Similarly,
some other criterion may require a dagree of complexity between subtests
D and E. Then the nultiple on these two tests alone will te ag efficient
as on all rive tests, and better than the toial score. Thus less testing,
using the one or two most aprropriate subtests, can yield better results
than using all five subtests and merely adding up the five sgcores,

The Raven's Test is a very popular one, being used widely throughout the
werld bul much of its predictive power has been wasted in the past by not
recognizing and making use of its simplex character,

Se In the existing literasture, rumerous tables of intercorrelations
smong many kinds of variables are reported., Many of these are not to be
hypothesized to form simplexes or circumplexes or any other simple order
system because of the hodge-podge nature of their contemt, Our project
first had to examine many lists of varisbles which had been intercorre=-
lated by other investigators, to judge whether enough variables could be
selected from each given published zet which would deal with essantially
the same kind of abilities,

It was found that for the purposes of simplex analysis, three varieties
of abilities were sufficiently tested in a systematic manner so as to
enable us to rework published results, These three varieties ares
verbal, numerical, and visuval, Eight different simplexes are listed
below for verbal abilities, some of them overlappimg somewhat and others
going off into quite different tangents. Six simplexes are reported
belew for numerical abilities, again some overlapoing and others not.
Eight simplexes of visual abilities are also reported, some overlapping
and others net,

In the field of personality rating, we have gelected four simplexes to be
exhibited in this report, one based on the Rors-~ich ink blots, and the
three others on types of ratings by observers,

The 26 simplexes are listed hers a:-ording to source reference, {he number
in parentheses following each test rating being the rumber of the test

or rating in the original reference, Each simplex listed here had the
inverse matrix and multiple regressions weights calculated, as described
for the example of the Raven's Test above, and the numerical results do
not depart substantially from that specified by simplex thecry. A far
larger number of attempted exampies 18 not reported here. Apart from im-
perfections in the tests themselves (that they may not be scales, for
instance), a cause for aberrations from an expected simplex structure is
a vandering cff into neighboring but Aifferent kinds of content. This
could not be explored well with the availahie data, except for certaim
circumplexes which will te reported ~n telow,
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o AFFEIXIMATE SIMPLEXES
I. Abilities

A, Verbal Abality

1) Source: C. C. Brigham, A Study of Error, College Entrance
Examinations Board, New York, 1532

The tests 4n the simplex order of complexity:

Spelling (A)

b - Punctuation (C)
¢ - Grammar (B)
d - Vocabulary (D)

e

Literature (E)
f - Poreign Literature (H)

2) Souvrce: L. L. Thurstone, Factorial Studies of Inteslligence,
Psychometric Monographs 2. Univ, Chicago Press, 1941

Ea)

. The tests in the simplex order of complexity:

Parts of words (open ended questions):

Prefixes (42)

b - Suffixes (54)
¢ - First Letters (24)
d - Pirst and Last Letters (23)

e - Four Letter Words (2L)

Understanding single words

a - Same or Opposite (51)

b = Vocabulary (LS)
¢ = Completion (10)
d - Association (6)

Synonyms (55)

]
]
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Understanding combination of words:

a - Sams or Opposite (51)
b = Vocabulary (LS)

¢ - Sentences (46)

d - Paragraphs A (LL)

Increasing abstractness of verbalization:

a - Word Checking (58)

b = Verbal Enumeration (57)
¢ - Same or Opposite (51)
d - Proverbs (143)

e - Reasoning (L9)

Abstractness of verbalization (in another direction):

a - Proverbs (43)

b - Vocabulary (L5)

¢ = Word Checking (58)

d - Verbal Enumeration (57)

e - Association (6)

f - Synonyms (5%)

Source: L. L. Thurstone, kFrimnttl Study of Simple
Structure, Psychometric, Vol, Os une,

The test in the simplex order of complexity:

Individual letters of the Alphabet:

g2 = Scattered I's (29)

b - Repeated lstters (27)

¢ - Letter Grouping (13)

[+ 9
]

Letter Series (1)

Word Patterns (35)
.13 -

Simplexas
(Continusd)
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E Simplexes
: < (Continued)

Letters to thoughts:

a - Letter Grouping (13)

§ b - Letter Series (1)

Word Patterms (35)

c

d - Proverbs (22)

e - Same or Opposites (28)

f - Completion (S)

B, Numericel Ability

1) Source: L. L. Thurstone, Primary Mental Abilities,
Psychometric Monographs No, 1, Unlv, Chicago Press, 1938

The tests in the simplex order of complexity:
a - Addition (31)
§f b - Substraction (32)
¢ = Maltiplication (33)
d = Division (3L) |
e - Arithmstical Reasoning (39)
£ - Numerical Judgment (38)

2) Source: L. L. Thurstone, Pactorial Studies of Intelligence,
Peychometric Monggraphs 2, Unlv. Chicago Press, I5L1

The tests in the simplex order of complexity:
a2 - Number Patters (38)
b

Identical Numbers (30)
¢ = Multiplication (37)

d - Addition (3)

Arithmstic (5)
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- Simplexes
a (Continued)

3) Soures: L. L. Thurstons, gfggrimantal Study of Simple
Structure, Psychometrika Tol. 5. No, ﬁgJune,'IyEé !p. 163)

The tests in the simplex order of complexity:
& - Addition (i)

b = Multiplication (18)
¢ - Arithmetic (3)
d = Number Series (20)

Squares (31)

L) Sources P. J, Olckers, "A Factorial Study of Arithmetical
4bility," Journal of Social Rssearch, Pretoria, South Africa
Vol, 2, Noe. 1 June, 1951

The tests in the simplex order of complexity:

From Table 7, page L:

. a - Dot Counting (6)

b = Multiplication (3)
¢ = Subtraction (2)

d - Division (L)

»ABBy
|

From Table L, page 9:

a - Pour Rules A (1)

b - Pour Rules C (6)

¢ - Fractiocns (L)

d « Number Series (11)
e - Problems (10)

From Table 7, page 1li:
a - Four Rules A (3)
b - Three Digit Addition (12)
¢ - Four Rules B (8)

3 d

Practions (6)
Arithmetic (21)
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Simplexes
(Continued)

C. Visual Abilities

1) Source: L. L. Thurstone, Factorial Studiss of Intelligence,
Psychometric Monographs 2. Univ, Chicago Press, 1941

The tests in the simplex order of complexity:
a - Dot counting I. (1h)

h = Dot counting III. (16)
¢ = Dot counting II. (15)
d - Pursuit (Lk)

e - Mages I, (39)

£ - Mazes II, (36)

2) Source: A. Lubin and A, Summerfield, "A square root method of
selecting a minimm set of variables in multiple regression,®
Psychometrika, Vol. 16. No. L. Dec. 1951

The tests in the simplex order of complexity:
a = Stenquist Picture I. (3)
b - Minnesota Assembly (L)
¢ - Minnesota Spatial Relations (1)
d = Paper Form Boards (2)
e - Interest Blank (5)

3) Source: L. L. Thuratone,l Primary Mental Abilities,
Psychometric Monographs No. 1. Univ, Chicago Press, 1938

The tests in the simplex order of rcomplexity:
i?'irat Sets

a - Losenges A (19)

b - Surface Development (23)
¢ - Pursuit (27) '
d - Areas (29)

e - Hands (53)

e
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Second Set:

a - Figure Classification (8)
b - Pattern Analogies (L)

¢ = Block Counting (1)

d - Identical Porms (26)

Third Set:

a - Figure Classification (8)
b - Cepying (28)

¢ = Form Board (21)

d - Block Counting (14)

Pourth Set:

a - Cubes (18)

b - Flags (20)

¢ - Losenges B (22)

d - Punched Holes (2)

Fifth Set:

a - Parsuit (27)
b - Pigure Classification (8)

¢ - Copying (28)
d - Identical Porms (26)

Sixth Set:

a - Logenges B (22)
b - Punched Holes (2)
¢ = Form Board (21)

d - Areas (29)

Simplexes
(Continued)
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2)

3)

Simplexes
(Continued)

II. Personality Traits

Scarce: L. L. Thurstone, A Factorial Study of Perception,
Univ. Chicago Press, 19

The five Rorschach scores in their simplex order of complexity:

& - Weight Color

b - Perceptual Organization
¢ = Movement

d - Total Rasponses

e - Total Time

Source: W. M. O'Neil, "The Comstruction of a Staff Report Form,"
Occupational Psychology, Vol. XXVI, No. 3. July, 1952

The ratings in their simplex order of complexity:

a - Accuracy

b = Speed

c = Application
d - Personality

Sources: The 0SS Assessment Staff, Assessment of Men,
Reinhart Co., New York, 1948

The Social Relations Ratings in simplex order of complexity
{Zrom Table 62, page 520): '

. &= i?rook
b - Assigned leadership
¢ - Interview

d « Discussion

The Ene and Initiative Ratings in simplex order of complexity
{from Tablc 55, page 517):

a - Obstacls
b - Brook
-~ Assigned Leadership
d - Debate
e - Discussion - 18 o

u 6“, Iﬁc .




¢

6. From the above list of simplexes, it will be clear that some of the
original conjectures of the momogravh in press on the rszdex must already
be takenm into accoumt., For imstance, the first example discovered of a
simplex simce the beginnimg of radex theory was of certaim verbal ability
tests, The nine tests and their intercorrelations were taken from the
Thurstomes' Factorial Studies of Intelligence. The inverse matrix did
shov somewhat aberraat taperimg to zero, Clomer examimation has now
brekem this set up into parts that go with other subgsets I tasts inte
varjous different —— albeit intercorrelated =- simplexes in the above
list, This part of the radex structure, therefore, by itself imdicates
that the imitial two-dimensional radex of the monograph already is in=
adequate to portray the intricacies of the fumctional relationships.
Higher dimensgional radexes must be used to portray all the tests simul-
taneocusly, This is further verified by the fact that a circumplex was
found among certuin verbal tests alone, as will be reported below im dis-
cussing findingn om the circumplex,

It is difficul% to make a deeper psychological analysis of the structure
of verbal abilities here, because the most interestimg data to compare
are from different studies amd hence do not have thelir intercorrelations
available, It is sufficient to sumarize at this stage that there are
several possidble different, albeit overlapping, chains of increasing
complexity for verbal umderstanding, as from "Same or Opposite" to
*Paragraphs", "Word checking®™ to "Reasoning™ and "Proverbs" to "Symomyma",
Similarly, there are several differemt pathways of increasing complexity
from parts of words to complete thoughte, as from "Letter grouping® to
"Completion" and "Spelling"™ to "Foredgn Literature",

Numerical abilities generally follow the expected path of complexity
from additiom through division. However, am important point emerges.
Addition is more complex tham multiplicatiom im one gimplex, where six
twe-digit numbers were to be added while a two-digit number was to be
multiplied by only a ene-digit number, Complexity here them depends on
the sheer number of digits as well as on the nature of the operatioms,

The visual ability simplexes are usually quite differeat from each other
in the types of tests imvolved, but gemerally show that what looks more
complicated in existing tests does require more complex behavior. Also,
as might be expected, visualizing solids is more complex than plane
figures, than linear ones., Differemt possible chains of complexity are
possible here teo, imvolving some of the same tests, as "Lozenges" and
*Puached Holes".

7« It was not expected that personality traits would in general form
o-dered systems of the same kimd as do mental abilities. A major reasem
for this is the growimg pile of evidence at the Israecl Institute of
Applied Social Research that polytonicity and multiveluedness very fre-
quently characterize the regression systems of such data., However, in
yome cases linear least squares regressions may hold, and hence a radex
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im the preseat sense mxy be possible., Om the other hamd, the appearance
of such a gimple regression system msy be an artifact of the scoring
system used, or of igmoring basic features of the phenomena being studied.

In any event, certaiam Rorschach scores used in a study by Thurstome were
found to form an approximate simplex, as listed above, Of the many ratings
intercorrelated by the 0SS staff, two subsets provided clear simplexes,
Many others seem to be fairly approximate simplexes, but ths samples were
often too small to te reliable, and not enough additional variables were
present to study aberrations,

8, Ome of the most gratifying results of the project is the verification
of the existence of a baric circular ordering for certaim abilities that
differ in kind and not just in degree of complexity. The circle ia, of
course, divisible intc many segments, or one ability shades irnto the next
gradually, but the follewing gross landmarks may serve for purposes of
orientation, The circle may be regarded as going from verbal abilities,
through mmerical abilities, them visual, then abstract thimking, and
then back to verbal, This is 1llustreted by the following table of
correlations,

Table
An Approximate Circumplex of Various Abilities for
710 Chicage Schoolchildrem™

Test Associatiom Incomplete Multiplica- ;:: ABC Direc-
Words tiom Patterns 4 tions
(6) (32) (37 (17) (1) (12)
(6) 1. k6 32 213 »23L k2
(32) L6 1. .388 .13 .208  ,330
(37) 321 .388 1. 396 .325  ,328
(an .23 313 396 1, 352 L2u7
(1) .23L .208 325 .352 1, 347
(12) Juli2 330 328 <27 = Uy B
¥ Data Irom L. L, Thurstone, Yactorial Studies of Imtelligence,

Psychometric Monegraphs 2, Unlv, Chicago Precs. i9Ll.
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The inverse correlation matrix was computed from Table L, and then the
multiple regression weights were obtained for predicting each test from
all the remaining ones, as shown im Table 5,

Table 5
Multiple Regression Weights for Predicting
Each Test in Table L from All the Rest

Multiple
Predictor Correlation
Coefficients
Criterion Associa= Incom- Multi- Dot ABC Direc~
tion plete plica- Patterns tions
Words tion
(6) (32) (37) Qa7 Q) (12)
(6) - 030 010 "'001 ooh 030 0553
(32) 31 -— .20 .15 -.02 .09 54O
(37) 010 oa hnand 023 .114 on 05314
a7) -.01 .16 .25 - .23 0L 186
(1) ooh "002 015 023 —— 023 oh65

(12) .31 010 on 003 021 - 0533

The circular erder existimg among the tests in Table L is reflec’ed by
the cyclic rize and fall of the correlation ceefficiemts in each row
(coluwmm). In contrast to the previous cass of the simplex, the "last"
test in Table L is an immediate neighbor of the "first® one, Which test
is called "first®™ is arbitrary im a circuwplex, since the tests differ

in kind and not in degree. The circulay erder is more precisely
established by Table 5. In a perfect circumplex, all regression weights
must be zero for any test mot an immediate neighbor of the ome being
rredicted, In an imperfact or quasi-circumplex mon-neighbors should tend
to have zero or relatively small weights. Thus, in Table S5, "Associatiom"
is about as predictadble from only its twe immediate neighbors, "Incomplete
Words™ and "Divrection", as it is when the three remaining tests are added
as predictors.

-?] -




Although different tests were involved, the same circle of verbal~numericai-
visual-reascning-verbal was found for the same children as of Tables L when
greaier complexity was involved on the average in each test, The two cir-
cumplexes plotted togsther give already a rough radex with tests differing
in kind as well as in degree in the same picture. Another battery of
Thurstone's administered to a different group of children reveals the

same kind of circle, The Bellewvue-Wechsler battery alse reveals the same
circla for two different age groups of adults.

The well-tested circumplexes of this project are as in the following list,

- e
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' APPROPRIATE CIRCUMPLEXES

Each set is arranged in circumplex order. It is, of course, arbitrary
which test is listed first in the set; another choice would msan
merely a cyclic rearrangemsnt of the given 1°' -ting.

I, Abilities

1) Source: L. L. Thurstone, Factorial Studies of Intelligence,
Psychometric Monographs 2. Univ, Chicago Press, 1941

Several Different Abilities (one level of complexity):

a = Association (6)
b - Incomrlete Words (32)
¢ - Multiplication (3L)
d = Dot Patterns (1l)
e - ABC
£ = Directions
. Several Different Abilities (another level of complexity):

a - Digit Span (11)

b - Arithmetic (5)
¢ - Geometrical Forms (28)
d = Identical Pictures (31)

e - Picture Naming (Ll)
£ - Rayming Words (50)
Different Verbal Abilities:
a - Rhyming Words (50)

b - Completion (10)
¢ - Association (6)

G - First Letters (2)

’ -2l
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Circumplexes
(Continued)

2) Source: D, Wechsler, The Measursment of Adult Intelligence,
Third Edition, Baltimore, 19LL

For Adults, Ages 20-34 (page 223):

a - Digit Span (3)

Arithmstic (4)

o

¢ = Block Designs (7)
d = Picture Completion (6)
e - Comprehension (1)

For Adults, Ages 35-L9 (page 22L):

a - Digit Span (9)

b - Arithmetic (L)
¢ - Block Designs (L)
a4 =

Picture Completion (6)
e - Comprehension (1) .

3) Source: L. L. Thurstone, Primary Mental Abilities,
Psychometric Monographs, No. 1, Univ. Chicago Press, 1938

Several Different Abilities (one level of complerity):

a - Division (3L)

b - Pursuit (27)

¢ - Block Counting (17)

d = Mechanical Movement (25)
e - Palsec Premises (42) |
£ - Thems (52)

g - Sound Grouping (55)

TFGR, Inc °



'&‘\

<>

Circumplexes
{Continued)

Several Different Abilities (anoiher level of complexity):

4 = Number-Number (L8)

b - Addition (31) :
c - Pursuit (27)

d - Block Counting (17)

e ~ Completion (11) :
£ - Word Number (L6) 1

Different Verbal Abilities: g

a - Pattern Analogies (LL)

b = Code Words (43)

¢ - Verbal Analogies (L1)

g - f

Controlled Association (9)

e - Completion (11)

Different Verbal Abilities (a circle overlapping the previovs one):

a - Pattern Analogies (LL)

b = Code Words (L3)
¢ - Verbal Analogies (L1)
d - Reasoning (LO) '

False Premises (}2)

)

e

4) Source: L. L. Thurstone, "Experimental Study of Simple Structure,”
Psychometrika, Vol. 5. No. 2. June, 1940, (page 163)

A Circumplex formed by omitting the least complex numerical ability
(addition) from a short simplex, and adding a tes® (number pattemms)
that closes a circle:

a2 - Matiplication (J8)
b - Arithmetic (3)

c - Number Seriss (20)

d - Squares (31)

e - Number Patterns (19)

———— >
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Circumplexes
(Continmed)

S) Source: P. J. Olckers, "A Factorial Study of Arithmetical
Ability," Journal of Social Research, Pretoria, South Africa
Vol. 2. No. 1, June, 1951, Table L (page 9)

a -~ Four Rules A (1)
b - Four Rules B (})

Fractions (7)

c
d - Change (8)

Number Series (11)

e

6) Source: Clyde Coombs, ™A Factorial Studv of Numerical Ability,"
Psychometrika, Vol. 6. No. 3. June, 1951, Table 3

a - Figures (26)
b - Size Comparison (15}
c - AB (L)
d -ABC(9)
e - FPorms (6)
£ - Marks (30)
7) Source: G. H. fhomson, An sis of Parformance Test Scores

for a Representative Group of Scottish Children, Univ. of
London Press, 19540

a - Binet I, Qo

b

Kohs Block Design

¢ - Cube Construction

[«%
[}

Red Riding Hood

Healy Picture Completion
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g <5 Circumplexes
| Y (Continued)

; 8) Source:t Ch. H. Goodman, ™A Factorial Analysis of Thrustone's
Sixteen Primary Mental Abilities," Pschometrika, Vol. 8,
No. 3. September, 1943

a8 - Number Series (15)
Cards (7)

Identical FPorms (1)
Verbal Enumeration (2)
Same or Opposite (6)
Completion {5)

R o0 o
] ] ] '

e ]
'

IZ. Personality Traits

1) Source: F. T. Tyler, "A Factorial Analysis of Fiftesn MMPI
Scales,"” Journal of Consulting Psychology, Vol. 15. No. 6.
December, 1951

First Set:

p—

Paychopathic Deviate
Schizophreniec
Prejudice

Social Introversiom

a
b

(]
(]

d

f - Hypochondriasis

Depression

Second Set:

a - Masculinity - Feminity
5 = Status
¢ - Dominznce
d - Paranoia
e - Hysteria
{ = Responsibility
. g - Hypomanis

-,
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Circumpiexes
(Continued)

2) Sources W. M. O'Neil, "The Construction of a Staff Report
Form," Occupational Psychclogy, Vol. XXVII. No, 3. July, 1952

- Mental Alert (6)

a
b - Knowledge (7)

Q
[}

Azeuracy (1)
Speed (2)
Applications (3)

d

e

3) Source: Ann Roe: "Psychological Tests of Research Scientists®
Journal of Consulting Psychology, Vol. 15. No, 6. Table 3,
December, 1951

- Verbal, number triea
Spatial, number tried
Mathematical, number tried

a
b

0
]

d - Rorschach

e

TAT length

) Source: The 0SS Assessment Staff, Assessment of Men,

Reinhart Co., New York, 1948

Tha leadership Ratings (from Table 63, page 521):

a = Intervicv
b - Brook

- Discussion

Debate

Ratings by 4ssocia*es

(2]

d

e

The Propaganda Skilis Hatings (from Table 67, page 52hL):

a=-0WI

b = Manchuria
¢ - Interview
G -~ Discuzsion

“ % -

TFOR, Trc.




9« As the ahove 1ist shows, a circumplex was fcund within certain verbal
abilities alon=, as well as within certain numerical abilities alone and
within certain visual abilities aloneo This proves the possible existence

of a conbinuum of circularly orders abilities Within each kind, as well
2§ a general circular ordéring Let»gn the kinds, For this reason, one

of the purpcses of the projsct == to provide a simple two-dimensional

radex map of all the sbilitiss simultaneously -- could not be carried out,

A far niore comprahensive naw testing program, directly aimed at this problem,
48 nesued 1o provide the basic correlation matrix ne necessary, and a two-
dimensional map will ce"t.alnly not be adequate, although a thres-dimensional
gphere may. preve to be,

This failure, howevsr, dees not negate the praciicality of the present
fi_-_nding’s. Better predictions can be obtained from the sets of =sis as
is and with less W‘r&» by “capitaiizing on their circumplex propecties

one (regard,.ess of their uwltimate place in a more complex radex) than
byl current usage.

10, With respect to perscnality itriits, t may be interesting to find
in'our list of circumplexes two.sets of variables from the Minnesota
Multiphasic Personality Inventory. Certaim personnel ratings also have
been found to form circimplexes, as listed above, As remarked in con=-
junction with our qmplexes. this may ba due in part tc the scoring
techniques, since multi-valued and pelytonic relitions mzay bs more typical
of such data,

Results of the Project with Respect te

Multivalued and Polytone Attitudinal Interrelations

1, Datz from three field studies of the Iarael Tastitute of Applied

Soc¢ial Research were found somewhat appropriate io: the new kind of analysis
developed in this project for multivalued .and polytone relations., Ideal
data for this purpose proved difficult to f‘ind, since the underly'ing theory
was developed after the completion of some large surveys conducted Ly the
Institute, and no new studies had been made to the time of this pr oaec‘b
which could be used for this methodolegical end, Nevertheless our results
are sufficiently positive to substantiate the major hypothesis. The future
will undoubtedx.y reveal nester data for further ven.i‘:.cation, since we now

‘} ve lc‘¢ Auu. o v G... n}mu is :’it‘:ﬁdéd 157 mHile- b&s‘lm ;’Oﬁual.bi.

2. A typical table (in many respects) for this project is shown below as
Table &,

-29 = o
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Table 6
Frequency Cross Tabulation of Two Scalable Attitucdes

Hvpethegized to Have Monctonely Related Involutioms

Rank on
m. T 2Rank szr"ﬁoro;canl gs Neisyborl; 5 Total
0 1 2 56 1 LS 9 L
1 4 3 79 2 2 15 1 176
2 1 8 2 150 L L 105 10 284
3 L W i 3 3 7 126 13 21
h 1 3 7k 6 6 67 10 167
5 1 1 2 2 L 2 2 L 6l
6 1 2 3 105 n 3 g6 15 196
7-8 1 3 L6 3 8 3 19 153
9=10 4 6 1 Lo 5 10 57 30 153
Total 17 Lo 12 647 39 L2 630 121 154E

The horisontal variable is ranks om a quasi-sgcale of attitude toward liv-
ing together with Meraccams in a housing project. The vertical variable
is ranks on a scale of attitude toward living in @ "mixed" housing projesct.
that is, ome containimg immigrants from various countries of origiz == but
not specifying the countries. The analysis of the tatle is based om the
following consideratioms, ¢
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Pigure 1
Theoretical Relationship of the Involutiom

{Fourth Fsincipal Component) of a Scslable

Attitude With that Attitude

// \

Involution

Attitude

The psychological tueory of principal components of scales has bes.a developed
elsewhere (cf. Louis Guttman, "The Principal Commonenta of Scalable Attitudes,®
in Paul F, Lazarsfeld editor, Mathematical Thinking in the Social Scienmces,

4n press), According to this the inwelution, or fourth principal component

of a scale like attitude toward Moroccans should plausioly be a scale on:

"Is the respondent actively reviewing his posiiicn on this problem or not?"
Since the data on hand were assembled befure the psychological theory of *he
fourth principal component was clear, a scale directly 2imed at the invelution
of "attitude toward Moroccans as neighbors" was not included. Had such an
involution scale been available, it srould have yielded ldeally a perfect
curvilinear regression on the attituds toward Moroccans of the type shown in
Mgure 1,

Now, suppose that a second attitude had exactly this same involution for its
own fourth principal component, In sucn « case, we must have the striking
type of joint relationshir between ijs two a’ttitudes iilustrated by Figure 2,

IPOR. Inc,



Elgure 2

=oretical Relationship Betwzen .
Two Different ‘Scalable Attitudes

Having the Same Involution

Second Attitude  O¥-

First Attitude

ﬂn both Figures 1 and 2, we have drawn the regressien curves as symmetri-
cal about the zero point (2s defined by the ifteisity or second principal
component) and alse as polygon rather than with smooth bends, This is
only ;’or converdence here, and does not of course represent ‘the general
case

The novel feature of Figure 2 is that it shows each attitude to be in
general a multivalued function of the other, To each value of one atii-
tude, there corresponds in general more than one ideal wvalue of the other.
This is a result of the polytone regression of the common involution on
each attitude separately, as in Figure 1. In Flgure 1, the attitude con=
timnm can be broken up imto four segmente in each o7 whish there is a
monotone relation of the involution te the attitude, the dir-ct'-on or si
of the relationship alternating from- segment to zegment. The same JO\]HE
be trus of the correspending figure for the sane zttituds., In crmss-
tabulating the two attitudes to get Figure 2, it must_be “hat each monotons

IP0R, Inc,



segment of the second attitude musl allow- the full polytone relatiomship
to appear with respect to the first attitude, This is shown in the top
segment, cut off by the first 1nser*'ed broken ];Lne, in Figure 2, The
next segment must silow the same berrdinga, but with reversed direction,
etc. The same holds if we regard in turn monctone segments of the first
attitude and how they relate to the secord,

Nowy, it is not hypothesized -that the twe empirical attitudes in Table 6
above have the same involution, To the contrary, Instead; it is hypothe=
sized that the two involutions have a monotcne_ relatioaship with each
other in each direction, .The more a r»:,pandent» is-actively reviewing his
position on Meéroccans as nelgbbot S, the r~re -~ on the average ~-- he is
reviewing his position on mixed h ousmg in general; and vice versa, I1f
this be true, Table-6 should resemble Figure 2,-but with random error ==
indeed considerable error, Cur calculations tenr’ to. verify -this,

30 The guanmbile technique, as illustrated for Table 6, consists simply
of computa.ng for each columm or cruds scale rank; as many position values
as rows aimg the percentiie metric of the vertical scale, and then doing
the analogous: computing for each row, For example, the row for ranks ‘
9«10 in Table 6 has a marginal total of 153 out of the gramd total of 15h8
or 9.8%. This means this rank covers.the percentile from O to 9.8, with
midpoint at i.9. In each rank colurm separately, therefore ‘the 998 per-
centile is sought, and then interpolated into the percentile metric of
the marginal total; and again the mdpoint taken, Thus the 9,8 percentilie
from the botbem ef .colum 9 of the “table is ,098.= 30 ‘of the way up the

row 3=10, or..39 of the interval from zero to —1%‘]5;% of the marginal total,
The midpoint of this is pletted as in. Figure 3,

Each column has-as mauy quantiles ag there are rows, and the cor:esvonde=

ing cnes are cemmected by straight ]ines. If there were complete stziig-
tical 1ndepe:dence, the lines weuld all be. perfectly straight and horizental,
If there were a monotone regression of the verti -1l scale on the horizomtal
one, the lines would all tend to slope in one dirsction, aay from the south-
west to the northeast cormer of the picture,

But we see a polytone pattern revealed by Figure 3, roughly as hypothesized,

Computing the quantiles in the analogous manner, but for each row of Table
6 leads to the picture in Figure L. ‘Again a polytcie pattern is reveaied,




Figure 3

The Quantilec for Each Colunn of Table 6

In the Percantile Metric of the Row Marginal Totals
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The Quartiles for Fach Fow of Table 6

Fig}g:eb

In the Percentile Metric of tne Column MMarginal Totals
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L. The drawbacks ef the queniile procedure ave guite evidemt here. as
well as its virtues. Deth Figure 3 ami Figure L should resemble Figure
2, taking error imte accommt. There are at least two sources ef errer,
One is that the (hypethesised) relatienships betwesn the twe invelutiems
ig not perfect, albeit momotone; there is regressiox errer hypothesiszed
in both directions, The other is the usual one of having emly aprroxi~
mate scales tc begin with and not perfect ones with some resultant
unreliabilsty of scales ranks.

The quantiie computations can introduce a third source of error, namely
ihe arbitrariness of the wbgerved rank 1nter‘val, or of the observed
cutting points along the two scales. Even if the first two sources of :
error were not present, this third source couild 5611l distort the guantile
pictures., Tiic third source creates disturbarce whenever a bending point
of the comon nrincipal component ~- 2s in Figure 1 —= dees mot coincide
exactly with an observed cutiirs point point of a scale, This results

in a. scale rank or interval which straddles a bendirg.peint and hencs

does not permit 3 monctone rnla tion between scale and component within
'hhis intervnl.-

In Table 6, it zppears that substantial straddling may be occwrring,
leading to distorted results in regioms where bending points may bslong.
More than three bends definitely cccur in some levels of the quantiles;
this can be explained by such straddling alone, That the curves in
Figure 3 (or Figure L) do not clearly slternate in directicr in four
different regions, os in Figure 2; cau also be explained by this strad-
dling, especially if one or two of the monotone regions as in Figure 2
have small marginal frequencies, 'They would them'be dwerfed in the come
puting by their neighboring sections and 2ppear almeost .ot.teo exist.

A fourth source of error is the usual one due to size of sample, This
is effective especially in rows (colums) with the smallesi marginal
toctals; when the first twou typec of error are also present. This is
also in evidence in Figures 3 and U,

5. The latent vector technique of analysis avoids some of the drawbacks
of the quantile technique by not being entirely dependent en fluctuations
of the data within small local regioms of a table such as Table 6, It
analyzes the table as an 1nterd~pendsr1t whole, and nct each part (row or
column) separately and then in 1terrelating the parts. Its general logic
is as follows:

Given 2 table of joint frequencieg betwe:n two varisztes X and Y. Let
ij e the proportion in row j and cclwrn k of the tablis.. Let the row
and column marginsls bs, regpectively:

= z‘
Py, 5 k Fix F = 3 P
and let N be the total m,.mber of cases in the Tablea:
N N P. P
573 % ak & Jk.
- 3 -
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The respective ranges of j and k can be quite different; i.e., the Tatle
need not be square., x and y can differ in the number of categories each
:'138.

et up seek a real number for each row of the Table, say x4, and a veal
nunber for sach colum, say y); such that the two resulting sets of nume
bers wil . have as linear a reiation as possibie in each direction, and
with a maximum product-moment correlation coefficient. There is nov loss
of generality if we assume the marginal means to be zero:

a2 - E E &
S b TR
Then the correlation to be maximized i=s:
EEEIE 5
(2) reo jk -
/ v
VG Gl

The maximizing equations can be obtained by differeatiating (2) directly,
or by using the method cf Lagrange multipliers, as follows, Let 7 ve
defined ag

) 4 =5 - %)?szpd. - P x5

where A ard M are Lagrange multipliers, Differentiating (3) with
respect to the y, and seiiing the resuits equal to zero ylelds:

(k) %xjpjk =MTPE .

Differentiating (3) with respec to the %y and setting the derivatives
2qual to zero ylelds:

»

(5) Lyipge = xgps,

Mnltiplying (4) by yj on both sides and summing over k, multiplying (5)
by x5 ard summing over j, and comparing with (2) shows that

6) r2=inm.

IFOR, inc,



The equations (L) and (5) are of the aume netuove:af the pquations of
internal corsiatency-of scale :malyeis (cf. Leuig Gubtman, "The.
Quantification of a Clags of Attributes,” im Pauk Horst, et al., The
Predigtion of Personal Adjustment, Seciul Scinncs Ressercn Council,
Sisd g elthough the context is quite differert. As in the case of
scale analysis, equations (U4) and (5) lead not to one solution but te
& sories of selutions, called principal components or latent vectors of
two cerbain metrices l}xt for which in general there is but one best one,
The wrjor latent root AMis usually unique and provides the desired
maxizrm r<, and associsted with it are the maximizing xj and y or
elenments ai‘ the major latent vectore,

Equations (L) and (5) can be sclved by iterations, passing from a
trisl x to a trial ¥ &nd back again according to these equations. or else

by first computing the matrix A with typical element a 9k defined by

P..P
o emudEs -

Then the cesired vector x = 1X] X5 see) 13 a latent vector of A
corresponding te root rz, or :I.n matric notation,

(8) xA ® rx,

It is equatiom (8) we used In practice in this preject, with the new
iterative technique referred to above, The first trial x must be
chosea to have.a zere mean.

Once a sclution x 5 (x3 xr.n.) has been arrived at, the corresponding
solution v = (y} Tpeo «e) can be obtained directly from equation (L)

(the constant of proporticnality m being arbitrary then, and can be
chosen tc ba M w1),

€. For our problem, the subscripts j and k have a definite meaning.
They represent actunal rank orders on two scales, If the maximizing x
and yj maintain the same rank order, then we are justified in sgtating
that the twe scales have a monotone regression each on the other., If
the;:i change.rank order but the yy stey put, then x is a mlvt.one

on of ya. Connraely, if the Tk cha-zge rank order but the x; stay

pub as i:r &5 their ranks go, then the vy sesls is a polyions function

of the x scale, If rank orders change both within the x; and the Ties
then we have & multivalued and polytone relationship in Eoth direciions
of which Figure 2 above is an example,

ot ‘;\; o

TPOR, Tnc,



iy an ﬂlustruﬁﬁ of actual re&ilis, semsider the majer latems
vectems for Tabls 6, Fer the e€ighi ocvlmmme, ths y; are (wp o ia
arvitrory constamt of prsperbicmality, aad Feusdsd asf ta twe digits)
as ia Tebls T.

Table 7
Relatien of Its Majer lstent Vecter Flements
%o the 8ssls of "Moreessme as Neighbers®
of Teole 6

E

-3
o

Seslerask 1 2 34 5 6 9
Veoter valus 12 .8 <7 4 <2 i 2 1

Plctﬁ:g the secend m of rablq 7, as a function of the first, sa in
Figurs bolal,mm'bhorukacfthoumrvﬂmwm
Mo:thoﬂdaﬂluﬁa,mihthomrprodicudbymw-
thesis of the feu 1 : SRDO]

rums, :

1' m ol.'.]_y m'in#.-d ta tha nt:-l-i-n.-ia :1.-5-2',5 .&—%.?_‘!‘; Ec——‘ ,ii &gﬁ
wot the direet conteant of ihe atiituds,

our dm show the n-a taing im the eppesile directicm, Fer the elght
revs ef Table 6§, the X4 ATS. (up te an a:%itnry maltipiyisg erxnant
nﬂrcuﬂodoﬁtotmdigﬂu) as in Tavis 8.

Table &
Eslation of I%s Major Lutent Vecter Elements
ts the Scale Rauks of “Mized Heusing®

of Tatis &

2 3 kb % 6§ 78 g0
Voctsr valus o8 ik 10 -6 2 i 1§ 29
, s



Except for a slight aberration at ramk 5, the rearrangement of ranks by
the vector is again accorxding to our hypothesis of monotonely related
fourth principal componsits belween the two scales, This is showm
graphically in Figure 6,

"‘/01

-5
Latent
Vecter 0
Value

104

/5

Figure 5

The Polygon of the Data of Tavle 7

1 [ L 1 e 1 1 1
g b u +
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Rank of "Attitude Toward Moroccans ag Neighbors"
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Figure 6

The Polygem of the Data of Table 8
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=/ 2 3 P s ¥ 78 9-/0
Rank en "Attitude Teward Mixed Houmimg®

Tables 7 and 8, therefere, imply that the fourth principal components of
the scales are memotomely related to each other, and that the relationship
in Table 6 betwesa the scales themselves must be multivalued, of the

nature depicted by Pigure 2,
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7. The latemt vecter techmiqus Las its drxudbacks as well, Weé have stressed
that a picture like in Figurs 2 may occur if eur hypothesis is cerrect.
Howewsr. 1t need mot always ocour, evem though the hypothesis is correct.
Parts of the picture may be miseing, or have sere frequencies, Az eaxample
of this is skown in Table 9. Tt may Ls hypothesized that "Attitude teward
Moroccans as Neighbors” should have its invelutiom menotonely related te
VIt tude toward Yemenites as Neighbors," and this does seem to be trus,
Gewaver, as Table J shows, tne full possibilities of multivaluedmess do

not empirically ecour,

Table 9

Cross-Tabulatien eof ®Horocecare as Neighbers"
with *Yememites as Nedghbors® '

= —_——————————¢ — 4 ———

Rank ea

Yanenites" Rank e YHereccans*

1 2 3 L 5 6 1 8 9

1 25
2 1 61 1
3 3 6
k 1
] 753
6 23 22
7 12 39
8 139 63l
9 3 8 24 ol

Maxy aspects of the scattergram of Tabls 9 are largely spurious, aad that is
the Table lecks se mnext, The scales en "Mereccans” and "Temexites™ are

of the usual type, but were each derived im large part from twe

epen ended Questions. Hemce the relative lack of errer im

In particuiar, the lack of spread im either directien ameng

-hz-

z
i
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the 753 middle casss is almost completely spurious, But this spuricusneas
agide, Table 9 may be helpful im illustrating the possible appearances ef
mltivaloedness. The wultivaluedness itself is mot spuriocus, although the
lack of errer aveund it is. Table 9 cam be compared almost directly with
Figure 2 te wee how parts sf the picture can occur and how other parts

caa be mivsing, evea ideally,

Iz particular, it should be clear, cnly a momotome relationship msy oceur,
evea thoungh & more multivalued ore might be pessible,

Wher parts of the picture are miscing. this may throw off the latent vector
technique, This techmique works best when frequencies are fairly wmiferm
sver symmstrical pertiens of the entire ideal multivalued possitilities.
Thus, the latent vecter techmiyue is not very appropriate to Table 9, since
the frequsacies eoccur symmetrically here,

8. Because of the complexity attendimg multivalued relations, it is net
te be expected that they can be ecagily studied umless the data vhemselves
are "purs® emough for the purpose, "Seales" arrived at by item analysis
and ether techniques im the past mey met lead to any further productive
snalysis in the presext direction simce they in general have ze meanimgful
principal cemponents. With more care im the imitial defiming of attituds
areas, sad mere careful delimiting of mmidimemsionality —~ as by scalegram
aad related techxiques — the desper psychelegical analyses revealed te
be pessibls by the prevent project can be expected to becoms more pessible
anxd mere essemtial im the future,

9. Even the Institule’s ewn data frem its past researches revealed many
deficiencies in the light ef cur presemd kmowledge, despite the care
usually spemt ex scale amalysis, The fellewing is a list of topics frem
previcus studies ef the Institute which proved somewhat adequate for the
present purpeses of this project, cad the results as briéfly imdicated,

TXOR, Tnc,




DR

ANNOTATED LIST OF CROSS-TABULATIONS
OF ATTITUDZ SCALES
(Analysis by latent vectors snd/or quantiles f-¢
the study of polytonicity and multivaluedness)

Study A: Fostwar Plans of Soldiers Befors Lischarge

dSample: 2173 soldiers, a cross-section of the
Defer:ce Army of Israel.

Scales Cross-tabulateds Each of the content scalss below refers to a
particular alternative postwar plan, and a1l have the same third prin-
cipal componsnt (or closure) in common. The closure was related to
each content separately, and each content was related to every other
content, -

The scales:

(a) Closure (definiteness of choice ammg the variocus
alternatives)

Attitudes toward the following respsctive alternativest

(b) Permanent military service

(¢) Govermment job

(d). Police

foi Urban cooperative enterprise

(1) Independent business

(g) Occupational training

(h) Return to previous job

(1) Purther schooling

(§) Agricultural settlement
Ovsrall Resulis: Both quantilses aad latent vectors verifisd in gensral
the polytonicity and multivaluedness predicted by the hypothesis that the

closure was common to 21l the contents. Some minor diszcrepanciss msy de
due to imperfection of scales and/or sampling error.

bl -
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' Study B: Social Aspuets of Housing Projects

Sample: 188) wouen in a sample of all pew housing
developmants in Israel.

Scales Cross—tabmiated: Rach of tbe convant scszles below wes cross-
Yabulated Witk every other. The iuvoluiions of cach all seem to be
monotonsly interrelated.

The scales: Attitudes toward:
" (a) Mixed housing
€b) General neighboring
fcs Temynites as neighbors

ids Boreccanz as acighdbors

Stwdy C: Opinion Survey

Ssmple: 21k7 adults over 18 years of xge, 3 cross=
eection of all Israzl residonts (escept Arebs).

o 1. AMtitudes toward: equal rights for women md wilitary service fer
wemen,

Honetone relatim in ome diveeiicn, dut srpareatly polytome
in 1hq-other, : .

?. Attitudes torurds salary lavel for Knmesvel members &nd salary

lgvel for government officials, s
Mouetone and univalued in ws? dirsetiow, bat other directiom
bhas isfisation that sititudas towxrd saleries of government
offiotals may.relate ponotonziy to the fourth prineipal coe-
poment of szalary for Knesset mewhore,




APPENDIE T
Origdusd Statament af the

Purpess of the Pr Froject

e problem of facior analysis remeims an importamt cme, both for the
fields of peychumetrics aud of abtitude rgssarch, When o battery of
mental tosts is used, it is essential to lmow 1bs sdrugture i order ¢o
_make the best use of. tha battery. Simllsrlyrs it is dsporvant o know.

ths structure of the imtérrelstionshiips of systems sf ‘attitudes in order.
te comprehend awd to bé able t¢ predie’d human behavior. Ths Issasl
Institute of Arplied. Socldl Pesearch hus: had to face the preblem sf factor
aralysis in both of thess fields, that of: t«esting and that of attitude
resesrch. Iv found that a sew approach to ths prodlem is possible which
may help rezolve the va.riems. conflicting theordes snd to waify the pregmmtl
opposing scaocls af thought.

The new appresch is thal of order fastora instesd ju‘k common factors.
A1l preceding theories are. somcurned enly with ses ebout common
fwtoreo This turmed out to be but a speeimy—indccd, degénerate—caze

. factors, When the degeneracy is removed through the comespt of
a full order, the two basic kirds of factor patterms emerge. whiech we call
ths simplex and eirasnilex, respectively. Ths combinatien of these iwo
patterns is a Ifull, peesible explanation of the workings of ihs certex far
montal tasts end also ssens eppropriate for mauy attitude problems. Whem
T wimplec-eircunplex structnre ix 1saked st in it extizely, 1% iz them
soen that the present six or ssven different spproaches to fzcter saslysiz
have sach besn cxamining but one part of the slephant. The majsr poiss
‘o2 each school of thought is found to bte correst, althcugh incemplete.

‘Ei'olilinarr analysss of soms pnblim»d tables ef imbercérrelations of
pental tests shew that thsy do apprecizate the simplex-eircumplex theory.
_The propesed project iz to develop mere exach computimg procedures for
ths simplex-cirewmplex approsch, amd te make mere axtensive analyses of
data. already to ba fem=d im the iiterature and siresdy ix /the filss eof
the Israsl Instivute,

is part of this project, we shall go ever existing materials in order %o
‘be beiter preparsd for designing & dseper and m fundemental projmb
.of gatharing mew date i= ths quantitiss ssd dzsigm meeded fuiiy te esiab-
lish the simplax-ciranplu tlworyo Br, Louie Guttman, the Scismtifis
Director of las Israel Institute, who .initiated the néw appresch, has
already developed the necessary ! nndsmental matbhsmebics.
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Project Daring the Year

Principal Invesug!.tor: Kimo C, Wilsom

‘Projo;ct Birector: Louis Gubtman

Statistician, Research Analysts, and Assistant
Statlsticians: - i

Rath Ludwig
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Judith Tannsnbaux
Yaacov Wolf '
fordechal Rosenthal

Clerical Personnel:
=T

Simcha Brudno

Simon Florsheim
o Erwin Honig

Rsuben Fischer

Rachel Levi

Tova Harl

Taya Beitchman

Rachel Haginguite

cewr BEAt o
y @

= BT =
e ’ T




APPENDIX II1
Breakdown of Actusl Costs of the Project

One suporvising project director (1/4 time) $ 1,500.00
One statistician (1/h  ‘me) 1,200,80
One assistant statistician (full tims) k,087.2C
One assistant statistician (full time) 3,687.29
Clerical 1,393.60
Supplies, typing, stencilling, stc. 1,098.70
Use chacge of three Marchant electric calculators 815.00

New York costss
Two research analyats (part tims) § 965
Three clerical peopls (part tims) 555

Miscellansous ko
1,560,00
Total actual costs £15,342.50
Anount approved by ONR
according to original
budget astimate 13,215.00
Differerce® $ 2,027.50
TR RN

* The difference is due largaly to the rise in the cest-of-living indax,
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